CHUONG 4
HE PHUONG TRINH TUYEN TiNH
§1 HE CRAMER
1.1 PINH NGHiA

Xét mot hé n phwong trinh tuyén tinh n an:

(anill'l + alzxz + “ee + aln.%'n = bl

A91 X1 + A9oTo + + CLann - bQ

‘ (1)
ATy + Ty + ...+ a,,x = b,

Céc sb thuc z,;2;...:x, 14 cde dn, cac sb thuc a;1a cac hé $6 cua an, cic
$6 b, 1a cac $6 hang tu do.

Nghiém cua hé la mot bo n s6 thuc X1} Xo3...; T, thoda man moi phuwong
trinh cua hé.

H¢ (1) dugc goi 1a hé Cramer néu dinh thirc cac hé sb cua an khac khong.

all a/12 e a/ln
Qo1 Qoo ... Qo

A =det(A) = = 0
a’nl a’n? a’nn

1.2 QUY TAC CRAMER
Xét hé vée to ¢t cia cac hé sb ciia cc an tirc 14 cac cOt ciia ma tran A:
A, A, ..., A, thuoc khong gian R".

Néu céc véc to d6 phy thudc tuyén tinh thi s& c6 mot trong chiing 13 to hop
tuyén tinh cta cac véc to con lai tirc 1a mot cot cua dinh thic A 1a 6 hop tuyén
tinh cta cac cot khac do d6 det(A) = 0. Vay néu det(A) = 0 thi cac véc to
A, A, ..., A, phai doc 1ap tuyén tinh, chung 1ap thanh mot co s¢ ciia R™. Véc to
cot B cac sb hang tu do cling 1a mot véc to thugc R" nén n6é dugc phan tich

mot cach duy nhét theo co s¢ da chon A, A, ..., 4,
B — xlAl + .I'QAQ + + ann (2)
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Céc toa do clia véc to B(:El,xg,...,xn> thoa man hé phuong trinh (1) nén 1a
nghiém cua h¢ do.
Nhu vay ta da chung t6 hé Cramer (hé co det(A)=0) luén luén co

nghiém duy nhat. Bay gid ta tim cong thire biéu dién nghiém cta hé.

Ta ky hiéu lai dinh thic det(A4) dudi dang D (AI,AQ,...,AH).
Ta xét dinh thirc: A, = D(Al,AQ,...,AZ-,l,B,/L;H,...,An).

Thay B boi (2) rdi dung tinh chit cua dinh thic ta ¢6 thé phan tich A,
thanh n dinh thic ma trong d6 c6 n —1 dinh thirc c6 hai cot ty 1€, chéng han
dinh thic D(Al,...,Ai_l,:z:lAl,AM,...,An).

Cac dinh thic do béng khong, ta chi con lai mét dinh thirc c6 dang:
D(Al,...,Ai,l,xiAi,AiH,...,Aﬂ). N6 bing z,det(4d)=2,A. Nhu viy ta cb

A, =z,A.Do A= 0tasuyraz, = %,z =12,...,n.

Ta c6 két qua quan trong sau:

H¢ phirong trinh tuyén tinh (1) la hé Cramer néu né thod man diéu kién
dinh thirc cac hé s6 A = 0. Khi dé hé c6 nghiém duy nhat duoc cho boi cong
thire:

xi:ii;izlﬂ,...,n. (3)

trong d6 dinh thirc A 13 dinh thic cac hé s6 cta an, A, 1a dinh thirc nhan dugc
tir A bang cach thay cot thir i bang cot hé sé ty do nam & vé phai cua (1), tirc 1a
thay cot A, boi cot B.

Vi du: Giai hé phuong trinh:

Il + ZEQ + Ig — 6
23:1 - 332 + 333 — 3
1’1 - 1’2 + 21’3 — 5
1 1 1
Tatinh A =2 —1 1= —5.d61ahé Cramer, né c6 nghiém duy nhat.
1 -1 2
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Ta tinh cac dinh thic A, = 1,2, 3.

6 1 1 1 6 1 1 1 6

A =3 -1 1|=-5 A, =P 3 1]=-10, A, =R -1 3=-15
5 —1 2 1 5 2 1 -1 5

Vay nghiém cua hé 1a:
A A, AV

:1:1=K:1; :EQZK:Z Ty ="xN =
Chii y: Néu ta ky hiéu A 13 ma tran cac hé sb ctia hé (1), X 1a ma tran cot
cac an, B la ma tran cdt cac s6 hang tu do thi dang ma tran cua h¢ (1) 1a:
AX =B.
Vi hé Cramer, det(A4) = 0 nén ma tran A 1a kha nghich, ton tai ma tran
nghich ddo A, trdotacd: A 'AX=A"'"B=X=A"'B

Ta c6 thé tim nghiém cua hé Cramer bang cich tim ma tran nghich dao A™!
cua ma tran A roi tinh tich ctia hai ma trdn A~! va B.

§2. HE PHUONG TRINH TUYEN TiNH TONG QUAT
2.1 PIEU KIEN TUONG THICH

Xét hé phuong trinh tuyén tinh tong quat m phuwong trinh n an:

[0,y + apxy + ...+ ap,T, = b

ATy + ATy + ...+ a3, 7, = by
4)

a’mlxl + am2x2 + + a’mnxn - bm

Nghiém cia hé la mét bé n so thuc (21, Toy ..., T,) thod mdn moi phuong
trinh cua hé.

Hé¢ (4) dugc goi la twong thich néu né ¢ it nhat mot nghiém.

Ta s& tim xem v&i diéu kién nao thi hé (4) 1a twong thich?

Goi A 1a ma tran céac hé sb ctia hé, A 13 ma tran loai (mxn).

A 1a ma tran nhan dugc tir A bang cach thém cot cac so hang tu do vao cot
cuoi, ta goi no6 la ma tran mé rong cia A.
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Ay Qo Qyy, aip Gpo a, b

Q1 Qg Aoy, — Qo1 Qo9 s, by
A= : A=

R A Qg - Oy bm

Piéu kién twong thich (Kronecker - Capelli).

Dé hé (4) la twong thich thi can va di la hang ciia ma tran A bang hang
cia ma trgn mo rong A

That vay, gid so¢ hé (4) la tuong thich, tac la ton tai nghiém
(21, Ty, ..., 2,) d€: B = 1, A + 2,4, + ... + 3,4,

Ta thay rang cot cudi cing ciia ma tran A khi d6 1a t6 hop tuyén tinh cua
cac cdt con lai, do d6 khi bé cdt do di thi hang cua ma tran khong thay doi,
nhung khi d6 ma tran con lai chinh 1a ma tran A, vay hang ctia A bﬁng hang
cua A.

Déo lai, néu hang (4) = hang (A) = r thi trong A s& chtra it nhat mét dinh
thire cAp r khac khong. Bing cach doi chd cac hang va cac cot cuia A (khong
1am thay d6i hang ctia n6) ta co thé gia thiét rang dinh thuc khac khong d6 ndm
& vi tri 7 hang dau va r cot dau. Khi 4o r véc to cot A, A,,..., A, 1a doc 1ap
tuyén tinh va ta coi chung 13 cic véc to co sd. Vi hang(4) = r nén cac véc to

cot B 13t hop tuyén tinh caa A4, A,,..., A,

B — a1A1 + QQAQ + .o + OéTAT
Tadit: 2, = o, = gy, T, = QW Tpy) = Tpyy = ... = T, = 0.
B n sb thuc (ozl, Q... 0, ...,0) s€ 1a mdt nghiém cua hé (4).

Vay hé (4) 1a tuong thich.
2.2 CACH GIAI HE PHUONG TRINH TUYEN TiNH TONG QUAT.

Gia sur hé (4) tuong thich va c6 hang la . Khi d6 ma tran A ctia n6 chtra r
cot doc 1ap tuyén tinh A, A,,..., A, .

Do ta chon cdc cot A, Ay,..., A, 1am cdc véc to co sé nén cac an x,, T, ..., T,

tuong Ung véi ching dugc goi la cdc dan co so. Néu r < n thi hé c6 vd sb
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nghiém. Ta co6 thé gan cho céac an z, ., z,,,,...,, cac gia tri tuy y (ta goi chung
1a cac an tw do). Khi d6 hé voi cac an la z, z,,...,z, s€ 1a mot hé Cramer (vi c6

dinh thirc cac hé s6 khac khong). Ta c6 thé tim cac 4n d6 theo quy tac Cramer.
Néu r = n thi hé c6 nghiém duy nhét.

Vi dy 1: Xét hé:

(z+y+2z = 1
r+2y—2z = -1
| 24+ 32 = 3
2r+y+42 = 4

Ma tran cac hé¢ s0 A va ma tran mo rong A deu c6 hang 2 va do dinh thirc
cap hai ¢ goc trai khac khong, nén ta git lai hai phuong trinh dau va céc an z,y
lam cac an co s& con an z la tuy y. Ta c6 hé Cramer:

{ r+y = 1—=z

142 = —1+2 Tudé:z =3 —-3zy = -2+ 22z tuy y.

Vidu 2: Xéthé:

TH+2y—2z =
2r+y+22 =
r—4y+T7z =
. . 1 2
DPinh thirc cac hé so det(A) = 0. Pinh thtc cap hai ¢ goc trai 5 17 0

nén hang ma tran A béng 2. Ma tran mé rong A chtra dinh thuc cép 3:

1 -1 1
2 2 2/=8.
1 7 3

Vay hang ma tran A = 3. Hé da cho khong tuong thich.
2.3 HE PHUONG TRINH TUYEN TiNH THUAN NHAT
1. Pinh nghia. Néu cot s6 hang tu do & vé phai cua (4) bang khong, tirc 1:
bh=b=..=b=0

thi ta c6 hé thuan nhat.
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Nhu vay, mot hé phuong trinh tuyén tinh thuan nhat cé dang:
>oax;=04i=12..m. (5

Do ma tran mé rong chira mot cot gém toan ph?ln tor khong nén hang cua
n6 ludn bang hang cua ma trin A. Vay hé (5) 1a twong thich. Ta thiy ngay mot
nghiém cua n6 1a x, = 0,2, =0,...,x, = 0. Ta goi nghi¢m nay la nghiém tam

thuong.

2. Piéu kién dé hé thuin nhit cé nghiém khac nghiém tim thwong

Ta xét hé phuong trinh tuyén tinh thudn nhét c6 sé phuong trinh bang s an
tirc 14 m = n. Khi d6, néu det(A) = 0, n6 1a hé¢ Cramer. Nghiém duy nhét cia
n6 1a nghiém tam thudng.

Nhu vay, dé hé thudn nhdt c6 nghiém khdc tam thirong thi dinh thirc cdc hé
$6 ciia an phdi bang khéng: det(A) = 0

Khi d6 hang cua ma trdn A = r < n va ta s€ giai hé theo r an co sé nhu
da trinh bay ¢ trén.

Vi du: Tim nghiém khéac khong ctia hé thuan nhét:

2t +y—2z =
r+2y+2 = 0
3r+y—2z =
o 1 ,
Ta c6 det(A) = 0 va 1 2:3 nén hé c¢6 hang 2. Ta chon z va y lam an
cosdvacho z=a tuyytadugc: z = o,y = —,2 = a v6i a tuy y.

§3. GIAI HE PHUONG TRINH TUYEN TiNH BANG PHUONG PHAP
GAUSS

Ta xét hé m phuong trinh n an:

anT + Gy + .ot a T, = b
a21$1 + CLQQIQ + e + aJann — b2

‘ 4)
A1y + LX) + + Ay = bm
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Gia sir hé s6 a;, = 0 (néu khong ta chi viéc doi chd cac phuong trinh). Ta
s& dung phuong trinh dau dé khtr 4n 2, tir m — 1 phuong trinh sau. Khi d6 ta
nhan dugc mdt hé m — 1 phuong trinh véi n —1 4n (khong c6 an z,). Ta lai
dung phuong trinh dau ctia hé méi nhan duge nay dé khir 4n z, & cac phuong
trinh déng sau (gia thiét hé s6 cia 4n 2, cua phuong trinh d6 13 khac khong), ta
s& duoc mot hé m — 2 phuong trinh voi n — 2 an (khéng c6 an z, va z,). Ta cir
tiép tuc nhu vay dé khir dan dan céc an cho dén khi chi con mét phwong trinh.
Ta dung phuong trinh nay dé tim 4n (c6 thé 13 mdt hodc nhiéu 4n), sau d6 tim
cac 4n con lai tir cac phuong trinh dumg trén. Trong qua trinh khtr an c6 thé xay
ra cac tinh huéng sau:

a) Moi hé s clia 4n déu bang khong, vé phai ciing bang khong. Khi d6 ta
bo phuong trinh do6 di vi n6 1a hé qua cua cac phuong trinh khac (d6 chinh 1a bo
mot hang chira toan phan tir khong ctia ma trén).

b)Moi hé sb cua an déu bang khong, vé phai khac khong. Khi d6 hé di cho
1a khong twong thich vi né chira mot phwong trinh khong duoc thoa min véi bat
ky gia tri nao cta an (d6 1a truong hop hang ma tran cac hé s6 khac hang ma

tran mo rong ).

Céach khtr lién tiép cac an dugc tién hanh nhu sau:

Ta co hé:
AT + Gy + ..t a T, = b
a21x1 + a22x2 + + U/ann — bQ
4)
Q17 + ) + + Ay Ty, - bm

Gid st a;; = 0 (néu khdong chi viéc doi cho cac phuong trinh r61 danh so lai).
Buoc 1: Chia ca hai vé cua phuong trinh dau cho ay; .

Lay phuong trinh thir hai trir di phuong trinh dau méi sau khi da nhan né véi
Qo

Lay phuong trinh thtr ba trir di phuong trinh dau méi sau khi d¢a nhan né véi as,

Ta duogc hé:
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T + b12$2 +...+ blnxn — bl/
b22$2 + + anQ']n — bé
trong d6: b, = DL j = 12,...,mb = 2L
11 11

bi' —

!/ ! 5 e a .
i = @i — apb;, b = b —anb,i = 2,3,...,m; 7 = 2,3,...,m;

Buoc 2: Talai gia thiét by, = 0 va lai ap dung thuat toan trén dé khu 4n z,

tor m — 2 phuong trinh sau ta s€ di t61 hé:

:'Ul + b12$2 + b13$3 + + blnl’n = bll
Ty -+ Co3Tg + ...+ Conl, = 2”

— 1

C33L3 +.t+ Canly, = b3

Cpsls + ... +Cppx, = b

Ta l3p lai thuat toan dé cho cac budc tiép theo cudi cung s& di téi ma trin
cac hé s6 co dang hinh thang hodc hinh tam gidc trén.
Vi ta chi thuc hién cac phép bién doi trén cac hé sé nén khi trinh bay céac
budc lién tiép ta chi can viét cac hé sb cia an.
Vi du: Cho hé phuong trinh:
xl—x2—$3—3x4+x5 —
x1+$2—5x3—$4+7x5 =
—x, + 2%y + 225 + 22, + 5 =
_.7;1 + 5.%2 - 4./,53 + 9.%4 + 7:,55 -

L O NN =

Ta viét lai bang cac h¢ s cua an va cot so tu do:

1 -1 -1 =3 11
1 1 =5 —1 72
—1 2 2 2 10
-2 5 —4 9 Ta

Buéc 1: Giit nguyén hang dau (vi a,, di bang 1); Pem nhan hang hai trir
hang dau, dem hang ba cong hang dau, dem hang tu cong hang dau nhan véi 2:
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1 -1 -1 =3 11
0 2 —4 2 61
0 1 1 -1 21
0 3 -6 3 Ya+2

Buéc 2: Pem hang hai chia cho 2 rdi dem hang ba trir di hang hai méi nhan
dugc va hang tu trir di 3 1an hang hai néi trén:
1 -1 -1 -3 1!
0 1 -2 1 31/2
0O 0 3 =2 —11/2

O dong cubi cing ta co: 0 = a + %

Néu a = —1/2 hé da cho vb nghiém.
Néu a =1/2 tabo dong cudi cing di.
Nhu vay dong tht ba c¢6 nghia la: 3z; — 2z, +2; =1/2;
Ta coi x, va z; 1a cac an tuy v, xs, 7, va x; la cac an co s, ta co:

%:%+%%+%%

Dong th hai ¢6 nghia la: x, — 2x5 + 2, + 3z, =1/2.

Ta thay gid tri cia x; vua tinh dugc ¢ trén va rutra z, :

%:%+%M_%%

Dong dau c¢6 nghia 1a: T — Ty — X3 — 3T, + x5 = 1.

Thay gia tri ctia z, va x; vua tinh dugc roi rat ra z :
=2+ 4x, — 3x;.

Tom lai, véi a = 1/2 hé da cho vo nghiém;

v6i a = 1/2 hé da cho c6 nghiém la:
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=2+ 4z, — 3z5;

T, = %—F%:&l —%x;);

Ty = %—F%:&l +%x5;

T, vaxslatuyy

Chii y: Trong viéc giai hé phuong trinh tuyén tinh Cramer bang phuong
phap Gauss ta dd dwa phwong trinh ma trdin AX = B vé phuong trinh
A'X = B’ trong 46 A’ 1a ma tran tam giac trén (tc 1 ma trdn c6 moi phan tir
nam dudi duong chéo chinh bang khong). Sau khi tim dugc an z, ta lai phai
dung cac phép bién d6i dé tim dan cac 4n dung trén. Didu d6 c6 nghia 13 ta da
dung cac phép bién d6i dé dua ma train A’ vé ma tran don vi. Cdc phép bién doi
dé chinh la cdc phép bién doi so cdp trén cdc hang cia ma trgn A'. Pua ma
trdn A vé ma tran I co6 nghia 1a dd nhan bén trai cia A v6i ma trdn nghich dao
A~'. Ta duoc:

A1AX = A7'B hay X = A'B.

Nhu vay phép bién doi noi trén da dua ma trdn B vé ma trdn nghiém.
Ta thuc hién cac phép bién d6i d6 theo trinh tu sau:
PAu tién ta viét ma trin A céac hé s6 va ma tran B cot sb tu do:

A|B

Bing phuong phap Gauss ta bién d6i ca hai ma tran sao cho ma trin A tr&
thanh ma tran tam giac trén A’. Sau d6 ta ldy hang n —1 cua A’ trir di hang n
ctia n6 dugc nhan véi mot s6 thich hgp sao cho phan tir thir n clia hang d6 bang
khong. Ta lai ldy hang n — 2 trir di mot t6 hop tuyén tinh ctia cac hang n —1 va
n dé lam cho moi phan tir trén hang n — 2, trir phan tir nam trén duong chéo
chinh, déu bang khong va ctr thé tiép tuc cho cac hang ¢ trén dén khi ta dua
duoc A’ vé ma tran don vi. Ta c6 thé 4p dung phuong phép trén dé tim ma tran
don vi. Mubn vay ta s& viét trén ciing mot hang 3 ma tran: A, I, B roi bang cac
phép bién d6i so cap ta dwa vé 3 matran: I, A1, X .

All|B
AA|ATTIAT'B
ITA7'X
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Vi du: Giai hé phuong trinh c6 két hop tim ma tran nghich dao ctia ma tran
caché sd A.

$1+$2+$3 —
2:E1—:E2+£B3 =

.731—,732—{—2333 =

Ta viét 3 ma trin A I, B:

1 1 11 1 001 6
2 -1 11 0101 3
1 -T2 09 0011 5

Pem hang hai trir hai 1an hang mot, hang ba trir hang mot:

1 1 1 1 1 0 0 | 6
o -3 -1 1 -2 1 — 1 -9
o -2 1 1 -1 0 1 1 -1

Pem hang hai chia cho 3, hang ba cong hai 1an hang hai méi:

1111 1 O 01 6

0141 2 L0 3

0021 &+ 2115
Nhan hang ba voi 3/5:

1111 1 0 01 6

0141 2101 3

00 11 £ 23 3

Pén day ta di dua ma tran A vé dang tam giac trén A’; ta tiép tuc bién doi dé
dua ma tran A’ vé ma tran don vi I :

Pem hang hai trir 3 1an hang mot, hang mot trir hang ba:

4 2 3
110I53—§I3

3 1 1
010|5—3—3|2

1 2 3
001I5—55I3

B6 mon KHCB 60 Gido trinh todn cao cap 1



DPem hang mét trir hang hai, khi d6 ma tran A’ s€ tré thanh ma tran don vi 1 :

1 2
100I35—5I1

3 1 1
010|3—5—5|2

1 2 3
001I5—53I3

Nhu vay ta c6 nghi¢ém cua h¢ 1a: z, = Lz, = 2,25 = 3.

Ma tran nghich dao A~' ctia ma trdn A cac hé so cta phuong trinh 1a ma tran &
ngan gitra.
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BAI TAP

4.1 Giai hé phuong trinh tuyén tinh sau:

2 —y—z2z—t = -1

3r+2y+4z = 1 Tttt = —2
e—y+z =0 le+y—2:4t = 4
r+2y+3z = 1 Thy+r—2 = —8
4.2 Giai h¢ phuong trinh:

(22 —y+ 32 =

—dr+2y+2 = 3

<—2x+y+4z =

10x — 5y — 62 = —10

4.3 Giai va bién luén theo tham sb m hé phuong trinh sau:

z+y+1—m)z = m+2
I+mx—y+22z = 0
2z —my + 3z = m+2

4.4 Giai hé phuong trinh sau bang phuong phap Gauss

[ 22 — w9 + 22, —62; = 0 [ T, +x;— 3z, +28;, = 6
To+23—3x, +22; = 0 20 — 1y + 22, —63; = 4
6z, — 3z, + 72, —10z; = 0 |6z, — 3z, + Tz, — 10z, = -8
\ 20, + x5 +x, + 122, = 0 2, + x5 +x, + 12X, = 15

4.5 Bang cac phép bién d6i so cap hdy tim ma tran nghich dao ctia cac ma tran:

4.6 Khao sat theo cac gia tri ciia tham sb thuc a hang va tinh kha giai (co 1oi
giai) cua hé:
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ar+y+z2+t = 1

r+ay+z+t = a
t+y+az+t = a
4.7 Bién luan va giai hé:
ar+y+z = «
r+ay+z = f
r+y+az = v

Trong d6 a,«, 3,7 1a cac so cho trudc.
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